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Abstract

We describe the flow of gas in a porous medium in the kinetic regime, where the viscous flow structure is not formed in separate pores. Special
attention is paid to the dense kinetic regime, where the interactions within the gas are as important as the interaction with the porous medium.
The transport law for this regime is derived by means of the gas kinetic theory, in the framework of the model of “heavy gas in light one”. The
computations of the gas kinetic theory are confirmed by the dimension analysis and a simplified derivation revealing the considerations behind the
kinetic derivation. The role of the thermal gradient in the transport law is clarified.
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1. Introduction

Transport of gases in tight porous media is important to a
number of practical applications: chemical catalysis and chro-
matography; adsorption on activated carbons, molecular sieves
and other microporous media; membrane transport; transport in
tight natural gas reservoirs, and others [1-3]. This is the reason
why this transport has been intensively studied, both theoreti-
cally and experimentally. The early history of such studies is
discussed in Ref. [1]. The most widely used approaches to the
multicomponent gas transport in micro- and mesoporous media
are the so-called dusty-gas model [1], the phenomenological
approaches based on the Maxwell-Stefan relations or the Fick
law [2], and direct modeling with random walks [4,5]. The
transport relations for such flows are normally considered to
be well established, and the recent studies in the area are mostly
experimental studies determining different coefficients in these
relations [6-9].

Meanwhile, two questions remain incompletely covered in
the literature. The first question is the gas behavior in the inter-
mediate regime, between the Knudsen regime corresponding
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to a very rarified gas and the viscous regime where the gas in
the pores flows as a continuous phase. Interpolation between
the two extreme regimes is normally carried out by means of
the Weber or a similar equation [8], although non-monotonous
behavior of the permeability with density has been observed
[10,1].

The second open question is the role of the thermal gradient
in the transport equation. In the Knudsen regime the coefficient
at the V(In T') is minus half the coefficient at V(In P), so that
the equilibrium condition is given by PT~!/2 = const. For the
viscous regime, the term proportional to the thermal gradient
is usually neglected in the transport (Darcy) law. This may be
proven on the basis of the rather general considerations [11],
although some molecular simulation studies indicate that the
thermal gradient may be influential even for this regime [12].
The intermediate behavior remains unclear.

In the present work we investigate this behavior by means of
the gas kinetic theory. Several approaches to gas flow in porous
media have been developed in the framework of this theory
(see, for example [10,1,13—15]). We suggest a new approach to
gas flow in a porous medium different from that of the dusty-gas
model [1]. Our model is similar to the model of “motion of
heavy gas in light one” [16], in the system of coordinates
connected with the “heavy gas” particles representing the
porous medium. Similar, although not fully equivalent theories
have been applied to description of the phoresis of heavy (dusty)
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particles in gas [17,1]. We show that the thermal gradient is
important in both the Knudsen and the intermediate regime.

Since the gas kinetic derivation is rather elaborate and is not
always transparent, we also provide two other derivations of the
transport law. First, we show that the dimensionality considera-
tions make it possible to determine the transport law within the
two coefficients dependent on the Knudsen number. Then we
suggest a “naive”, or simplified derivation, assuming the molec-
ular velocities to be equal to their average value, as it has long
been applied in the gas kinetic theory [18, Chapter 1, p. 2]. These
derivations are given for illustrative purposes, in order to uncover
physical considerations behind the strict gas kinetic derivation.
The contribution of the thermal gradient to the transport in the
intermediate regime may only be evaluated by means of the gas
kinetic theory, since it depends on higher approximations in the
Chapman-Enskog expansion for the Boltzmann equation for the
molecular distribution.

Comparison of the three derivations makes it possible to draw
some conclusions about the shape of the transport coefficients,
which are discussed in the last section of the paper.

2. Transport law: dimensional analysis

The most general form of the transport law in porous media
may be established on the basis of the dimensional analysis
[19]. The procedure consists in determining the essential param-
eters of the process under study, then forming dimensionless
complexes and expressing them in terms of each other.

We consider a flow of gas in an isotropic porous medium,
driven by the pressure gradient V P and the temperature gradient
VT. Assume that the flow is non-structured, that is, there is no
correlation between the position of a molecule in the pore space
and the characteristics of its motion: momentum and energy.
This is a reasonable assumption if the free run of a molecule [ is
of the same order of magnitude or larger than the characteristic
pore size dp. In this case the molecules and the porous medium
are assumed to be perfectly “mixed”.

An opposite case considered in the literature (especially
related to ground flows and transport in natural gas reservoirs) is
lf < dp. In this case multiple molecules inside each pore form a
viscous flow structure, with no-slip or similar conditions on the
pore walls and the highest velocities close to the pore centers.
On the macroscopic level transport in this regime is described
by the well-known Darcy law. It will not be considered here.

The free run path for not-so-large molecules in gas is around
10~7 m and decreases approximately inversely proportionally to
pressure (although the decrease slows down at high pressures)
[18]. Thus, for the mesopores of the sizes of 108 t0 10~ m the
flow does not exhibit the viscous structure up to the pressures of
few megapascals. Moreover, if the pore size d, is of the order
of several molecular diameters dy,,, the number of molecules in
a pore is restricted and, again, the structure characteristic of the
viscous flow is impossible.

We would like to establish the relation between the mass-
averaged flow velocity of the gas u and the gradients of pressure
and temperature in the non-structured flow. We discuss the inter-
stitial velocity. To obtain the superficial velocity the result should

be multiplied by porosity ¢. Normally the flow of gas in a porous
medium is rather slow and occurs under such gradients and
velocities that common relations of the linear non-equilibrium
thermodynamics may be applied. That is, the flow velocity
depends linearly on the pressure and temperature gradients, with
some coefficients KT and Kp:

u= KrVT + KpVP (D

This equation may be represented in another, equivalent, but
more convenient form, by introducing a characteristic molecular
velocity v. In terms of the molecular mass m and the Boltzmann
constant k£ and by neglecting a multiplier of the order of unity
(or considering the velocity projection on a chosen direction),

kT 1/2
o= () ?

Coefficients Kt and Kp are conveniently expressed in terms
of the (still undetermined) coefficients I, Ip:
lT v l PV

= K=o

Then Eq. (1) assumes the form of

u ; vT ; \ 3
s =l — bk (3)

Obviously, coefficients I, Ip have the dimension of a length.
The sign of It, Ip is chosen such that, as shown below, these
values are likely to be positive.

A priori, the values of /T, /p may depend on all the param-
eters constituting the system: thermodynamic characteristics of
the gas, its transport properties, molecular and pore sizes, char-
acteristics of the pore shapes. We omit from this list transport
properties like viscosity, since, according to our assumptions, the
gas does not form a viscous flow structure. Moreover, we omit
the dimensionless characteristics of the porous space from the
list of parameters, since only dimensional values may be taken
into consideration by the dimensional analysis. The dependence
of I, Ip on the porosity ¢ and, probably, characteristics of the
geometry of the porous space is assumed implicitly. Dependence
on other parameters is expressed by

Since Iy = lf(P, dy, m), one of these values, say, P, may be
excluded. Moreover, since T is the only remaining variable hav-
ing the dimension of Kelvin, it may be excluded, too. Finally,
among the rest of the values, m is the only one having a dimension
of a mass, hence it may also be excluded. The remaining vari-
ables have the dimension of a length. If we choose the size of a
pore dj, as a characteristic length, four dimensionless complexes
are formed:

It Ip l¢ dm

Kn=—; §=—
dp

- 4
a4 a (€]

Parameter Kn is known as the Knudsen number. The dimen-

sionless relations have the form of

at = at(Kn, §); ap = ap(Kn, §) )]
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Thus, the dimensional analysis makes it possible to derive
the following general relation for the non-structured gas flow in
a porous medium: combining Egs. (3)-(5), we obtain

VT VP
u = ar(Kn, 8)dpv— — ap(Kn, )dpv—- ©6)

The values of «; (i = T, P) may also depend on particular
dimensionless properties of the porous medium, such as porosity
¢, characteristics of pore and particle shapes, of the packing,
etc. Dimension-based considerations cannot be used to obtain a
particular form of such dependence, which may be different for
different particular models of a porous medium.

Expressions for «; may be simplified for different flow
regimes, that is, for different asymptotic relations between
parameters § and Kn. The value of § may be of the order of unity
or much less than unity. The case where § > 1, or, the same,
dm > d,, is, obviously, unrealistic. The case Kn <« 1 is not con-
sidered here, since in this case I/t < d},, which corresponds to
the conditions of the viscous flow. Thus, the three asymptotic
regimes may correspond to the kinetic flow regime: (1) § ~ 1;
)6k 1,Kn~1;and 3) § < 1,Kn > 1.

If § ~ 1 (the first regime), the pore sizes are comparable to
the particle sizes. This is the case of a dense membrane. It is
relevant to transport in zeolites, polymers and some adsorbents,
and is usually studied on the basis of the different random walk
models or Maxwell-Stefan relations ([20,21] and refs therein).
An opposite case of the open matrix is where the molecular
sizes are much smaller than the pore sizes (regimes 2 and 3).
In this limit, § — 0, dependence of the coefficients ¢; on this
parameter disappears, and the only varying parameter becomes
the Knudsen number Kn:

aj=0o;(Kn) (G@=TP)

Further analysis depends on the interrelation between the value
of Kn, or, the same, between the relation between I and d,.
The regime where It 3> d}, (Kn > 1) is well studied: it is the
case of Knudsen flow in a porous medium. In this case the flux
is proportional to PT~1/2 [1]. For example, for the case of the
isotropic “absolutely chaotic” porous medium (where no regular
structure may be imposed) it has been established [1,22] that

B <VT VP> 24 [2
u="Zy( ), B= = 7
s \2r P 9+4AV x

Here ¢ is the porosity, S the specific internal surface of the porous
medium (in m?/m?3), and A is the accommodation coefficient.
The fraction A of the particles accommodates on the surface and
is dispersed as an equilibrium gas with the temperature of the
surface, and 1 — A is reflected from the surface without energy
exchange. Commonly, the value of A is close to unity [23], so
that 8 = ap is close to 1.5. The value of o in this case is equal
to ap/2.

For the specific internal surface of the porous medium S, the
value of ™! is a good measure of the pore size dp, or of a grain
radius r, which is usually of the same order of magnitude as dp.
For example, if the grains are spherical, and their concentration

per unit volume is C, then [24]:

4
b=1— ?”ﬁc, S = 4m2C, ®)
or

_ 3
, =9 S

S 367(1 — ¢)?

For a model porous medium consisting of the cylindrical
capillaries of the same diameter d,,

_ 49
s

In practical applications, it is more convenient to work
directly with the specific surface, since it is measurable (for
example, by the nitrogen adsorption). In the following, we select
S~! as an estimate for the value of dp in the dimensionless param-
eter Kn. However, in order to better understand the transport
processes, it is convenient to rewrite Eq. (7) in terms of r or d,:

ag (VT vp)
u=——"7"m" == — or
31—¢) \2T P

«, (VT VP
U= —dpv |~ — —
v (57

The last regime, where It ~ d,, is less studied than the other
regimes. It will be called “the dense kinetic regime”, or “the
intermediate regime”. The formulae for the Knudsen regime are
not applicable to the intermediate regime, although the condi-
tions of the non-structured flow may still be valid. Taking into
account the preceding considerations, we reduce Eq. (6) to the
form of

ar(Kn) VT  ap(Kn) VP
s T s P’
It is more convenient to represent this equation in a slightly
different form:

dp

Kn = ¢S ©)

So~ v lu =8 <,8TVT — lVP) (10)
T P

Both 8 and Bt are functions of Kn. Eq. (10) is more conve-
nient, since, as we will show, coefficients 8, Bt in many cases
are constants. This equation may be used to express the transport
law in thermodynamic rather than kinetic variables: it is enough
to substitute (RT/M )1/2 for v, where R is the gas constant and
M is the molar mass.

More detailed physical considerations are required to deter-
mine these coefficients as functions of the pore geometry and of
the Knudsen number Kn. While parameter 8 (or ap) is likely to
be positive, the sign of Bt (or o) remains, a priori, indefinite.
Below we apply the methods of the gas kinetic theory in order to
get a more precise answer about the values of these parameters.

3. Simplified derivation
Before describing the kinetic derivation “on a full scale”,

we would like to present a simplified mechanistic derivation.
Our goal is to clarify the logic behind the kinetic derivation and
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to show how the description of the non-structured flow, within
a multiplier of the order of unity, may be obtained from the
relatively simple considerations, similar to those applied by the
founders of the gas kinetic theory, Clausius and Maxwell.

For a simplified derivation, it is necessary to assume a model
of the porous medium. There are two principal types of such
models: a porous medium as a capillary network, or as a system
of solid particles—a granular packing. In Section 3.1 we repeat,
briefly and as generally as possible, the known derivation of the
flow equation for a capillary network and show that a system of
obvious assumptions may in this case only lead to the equations
of the Knudsen regime.

Then we proceed to the model of the porous medium as
a granular packing and show that a simplified description of
the dense kinetic flow regime (apart from the thermal effect) is
possible for this model.

3.1. Knudsen regime

Let us briefly remind of the well-known derivation of the flow
equation for the Knudsen flow regime. Consider a cylindrical
volume of a homogeneous porous medium directed parallel to
the flow. The height of the cylinder is /, and the cross-section is
A.

Consider the fluxes jr and ji entering the section from the
right and from the left, correspondingly (axis x is directed from
the left to the right, as usual). Obviously, these fluxes are pro-
portional to the particle concentration (numerical density) N and
to the average molecular velocity v. Porosity should enter the
expression, since the flow occurs only through part ¢ of the sur-
face. The resulting expression for the flux through the section
is

d(Nv)
ox

J=JL— Jr = ap(NLvL — NrvR) = —agl (11
The last transition is possible if the value of / is small, or if
the gradient is uniform. A non-trivial assumption of the whole
derivation is that / cannot tend to zero, otherwise the flux per
unit area vanishes. A characteristic value of / is usually selected
to be equal to the pore size dp, or to the inverse specific internal
surface S~!. The numerical multiplier « is a constant determined
by a particular model of the porous medium [1]. An expression
for the superficial flux (unlike Eq. (11) for the interstitial flux j)
requires an additional multiplier ¢ on the right-hand side.

Eq. (11) expresses the well-known Knudsen law for gas flow
in a porous medium. In view of Eq. (2), it predicts that the flux
is proportional to the gradient of NT'/?or, the same, PT /2.
This is true for the Knudsen regime, but not for the intermediate
kinetic regime, as will be shown below.

This indicates the limits of a “naive” derivation of the trans-
port equation based on a capillary network model. Any such
derivation is reduced to the considerations above and, thus,
results in the equations for the Knudsen regime. The reason
is that we implicitly assume that fluxes jr and ji. do not inter-
act. This assumption is violated for denser flows, especially, if It
becomes of the order of dp. In order to generalize the approach,
it is necessary to introduce the interactions between jr and ji..

However, this seems to be a non-trivial task within a capillary
network model.

3.2. Dense kinetic regime

As shown in Section 3.1, the governing equation for this
regime cannot be derived from the “capillary network™ point
of view. Alternatively, we may consider a porous medium as a
system of solid grains, as in the dusty-gas model [1].

We assume that all the grains are similar. This assumption
may be shown to be non-restrictive. Moreover, for the present
simplified derivation it is convenient to consider the grains of a
cylindrical shape, with the cross-section A, orthogonal to flow,
and length (height) /;. Assuming so, we obtain an answer within
an order of magnitude, which we do anyway. In Section 4 we
will generalize these results onto nearly arbitrary grain shapes.

If the numerical concentration of the solid grains is C, their
number in volume V is CV. Additionally, if Vy = Agl, is the
volume of a single grain, then

CVe=1—¢ 12)

Instead of computing the mass balance, as in the previous
subsection, we will consider the momentum balance. The total
force acting on the gas in the volume V is

dp
F=(PL—PRAR-V— 13)
dx

Instead of the total force F it is convenient to consider force

F1 acting on each grain of the porous medium:

F =CVF,

Comparing this equation to Eq. (13), we obtain

- =ch (14)

Another expression for 1 may be obtained by considering
the flowing gas. Assume that its average convective velocity is
u. Then the average molecular rate in the direction of the flow is
v + u (within a certain approximation). Let subscripts ‘L’ and
‘R’ mean to the right and to the left from a single grain of the
porous medium. The average number of the particle collisions
with the left face of the grain per time unit is Np(vy + u)/2.
Here the multiplier 1/2 is introduced, since half of the molecules
move in the opposite direction. Assume that a molecule accom-
modates on the surface, that is, it is reflected with the average
equilibrium velocity —vr. Then a single molecule transfers
in one collision a momentum equal to m(2vy, + u). The over-
all momentum transferred from the left to the grain per time
unit is

1

My = EmNL(UL + u)2ur, + u)

Similarly, the momentum per time unit transferred to the
particle from the right is

1
MR = EmNR(UR —u)(2vRr — u)
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The difference My, — MR should be equal to force F;. After
some rearrangement, it may be reduced to the form of

Fi=F+F, 15)

Fp = Ag[mNLv% — mNRv]%],

Npvr, + NRUR "

Fy=3Agm 5

(16)

In order to simplify the expression for Fp, let us notice that
the value of mNv> = NkT is exactly the pressure of an ideal
gas. Thus,

Foe A N dpP
p=Ag(PL— PR~ _Vga

In order to calculate F,, the sum Np vy, + NRruRr on the right-
hand side of Eq. (16) may be substituted by its mean value Nv,
which is possible due to the small grain sizes. Substituting every-
thing back to Eq. (14) and taking into account Eq. (12), we obtain
the transport equation in the form of

dp
—¢a =3CAgpvu

For the grains of regular shapes, the value of CA; may, within
a numerical multiplier, be identified with the internal surface S.
Finally, we obtain

dp ,
—¢a = o' Spvu a7

Here o' is a numerical multiplier depending on the grain
shapes and other parameters of geometry of the porous space.

For isothermal flows, Eq. (17) is similar to Eq. (11) for the
Knudsen regime (although the multipliers « and &’ may be dif-
ferent). However, there is an important difference between these
two flow equations: The Knudsen regime equation (11) con-
tains a term proportional to the temperature gradient, while Eq.
(17) does not contain such a term, similar to the well-known
Darcy law for viscous regime. A reason why we do not obtain
the thermal gradient contribution in the dense kinetic regime is
that in the derivation of this section we have implicitly assumed
that, in spite of the presence of the thermal gradient, the gas is
in thermal equilibrium. It is known, however, that the thermal
gradient introduces corrections to the gas distribution, which
may be evaluated on the basis of the Chapman—Enskog expan-
sion of the Boltzmann equation (see below). These corrections
are difficult to introduce in the framework of the empirical
derivation. It is necessary to carry out the full-scale kinetic
derivation in order to account for the effect of the thermal gradi-
ent in the kinetic regime. Such a kinetic derivation is presented
below.

4. Gas kinetic derivation
4.1. Basic assumptions

The kinetic derivation needs precise definition of the phys-
ical conditions and underlying assumptions. We consider a

steady-state flow of a single-component gas in the intermedi-
ate regime. The flow conditions are such that collisions between
the gas molecules are more frequent than collisions with the pore
walls. However, the viscous flow structure is not formed. In this
assumption, the system considered becomes similar to the case
of “motion of a heavy gas in a light gas”, which is described
in a system of coordinates connected to heavy molecules [16].
This approach is different from the approach of the “dusty-gas”
model [1] where expansion is carried out around the equilibrium
state corresponding to zero gas velocity u = 0. Equilibration in
gas is achieved much faster than between the gas and the porous
medium. In zero approximation, the distribution of the molec-
ular rates v is the common Maxwell distribution corresponding
to numerical particle density N, temperature 7 and average gas
velocity u:

0 27kT \ ~3/? mv?
f()(VIZu)=N<m> exp | =57 |

V=v-—u (18)

In Ref. [25] it was shown that £© is a zero approximation to
the real distribution of the gas molecules in the porous medium.
Subsequent approximations may be obtained by the multiscale
expansion procedure similar to the Chapman—Enskog method.
In the first approximation to function fthe term £ proportional
to the thermal gradient has the same form as in the common
Chapman-Enskog expansion for the gas in free space. The
porous medium introduces into the expansion additional terms
proportional to u, which contribution to the transport equations
may be neglected compared to the contribution of the zero-order
term. The term proportional to the thermal gradient cannot be
neglected, since, as shown below, the zero-order approxima-
tion £ does not contribute to the thermal force. Combination
of the equations from Chapter 7 of [27] shows that the main
term in the expansion of () by Sonine polynomials is equal
to

1 2m? mV 2
= _ (

5
- my - _ 2\ rowyy
p 5(kT)> \ 2kT 2>f (VVI) (19)

Here X is the gas heat conductivity, in J/(m s grad).
The total distribution of the gas molecules by velocities will
be approximated by

f= f(O) + f(l)

Further approximations will be omitted.

The collisions of the gas molecules with the internal surface
of the porous medium are described by the reflection kernel
B(vi — va|n, Tp). This is the probability density of the event
that a molecule with velocity vy after collision with the surface
with external normal n acquires velocity v,. Here 7p is the tem-
perature of the porous medium, which, in principle, may or may
not be equal to the gas temperature 7. The temperature equi-
libration is a relatively fast process [25]. Indeed, equilibration
of the temperature in solid is fast, since its heat diffusivity is
much higher than that of the gas. Equilibration of the tempera-
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ture between the gas and the porous medium is also rather fast.
It is proportional to the contact surface S between gas and solid,
which is rather large for most porous media. Thus, we assume
that T = Tp, as in Section 3.2. Additional introduction of the
difference T — Tp would not change the momentum balance, at
least, in the first approximation, in view of the vector character
of this balance.
Kernel B is normalized to unity:

/ B(vi > v2in, T)dvy =1, (vin <0) (20)
von>0

For particular calculations we will use a model for B of the type
of full accommodation (dispersive reflection). If the molecules
colliding with the surface “forget” their past and assume equi-
librium distribution with the temperature of the surface, then
[23]:

2mrm
kT
von > 0) (21

1/2
B(vi — van, T)=( ) N™'F(v2|T)(vam),

(vin <0,

Here N is the number density, and fy is the Maxwell distri-
bution corresponding to zero velocity u:

2k ~3/? mv?
Sov|T) = N<m> exp <_2kT) (22)

In this or any other particular case, B obeys the principle of
microreversibility [16]:

[vin| fo(v1|T)B(vi — v2|n)

= |von| fo(v2|T)B(—v2 — —vi|n) (23)

As shown below, this principle makes it possible to find most
of the expressions involved without referring to particular form
of the kernel B. Taking into account that the accommodation
coefficient is normally close to unity, especially for the “rough”
surfaces, it may be concluded that assumption about complete
accommodation does not influence very much the calculated
values of the transfer coefficients.

Another general property of kernel B is the conservation law
for the particles in a collision:

/B(v1 — valn)dvy =1 (24)

4.2. Outline of the derivation

The goal of this subsection is to express the transport law in
terms of the distributions introduced above. First, let us consider
distribution f,(v|7, u, n) of the molecules attacking the porous
surface at a certain point, and distribution f;(v|7, u, n) of the
molecules reflected from this surface (both distributions nor-
malized to the numbers of such particles; we take into account
that T = Tp). Function f, is expressed as

fav|T,u,n) = |vn| f(v|T,u), vn <0 (25)

Function f; is expressed in terms of f, and the reflection
kernel B:

fi(v|T,u,n) = /

vin<0

B(vi — vin, T) fo(vi|T, u,n) d*v,

= / Ivin|B(vi — v[n, T) f(v1|T, w) d*v;
vin<0
(26)

As in the previous section, we derive the transport law from
the momentum balance for an elementary volume V of a cylindri-
cal shape, with cross-section A and height (length) /. We choose
the direction of the cylinder to be parallel to the unit vector np
of the pressure gradient. The gas in the volume is affected by the
pressure force F, equal to the difference of pressures applied to
area A from different sides of the cylinder:

F=—AAPnp~ —AIVP = —VVP 27)

Force F should be equal to momentum per time unit M, which
is transferred from the molecules to the solid particles. This
momentum is evaluated as

M, = /sz/ mv fod’v,
. vn<(

M, = / d’s / mv fdv, (28)
vn>0

MZMa_Mra

Here f, and f; are functions introduced in Egs. (25) and (26).
Each of these functions is a sum of the two addenda correspond-
ing to the approximations f© and f(! in the Chapman—Enskog
expansion for f (see Egs. (18) and (19)). In the following, we
present only computations corresponding to approximation f©,
Computations for (! are fully similar. Later in Section 4.5 we
bring formula for the contributions Mgl), MEI) of f,

Direct calculation of the integrals involved in the expressions
for Mfio) and MEO) is hardly possible. It becomes possible, how-
ever, if we expand the Maxwell distribution (18) with regard to
velocity u. Applying Eq. (22) gives

fONITw = fi+ h+o@),  fi = fo(vIT),
_ m(vu)
f2= forI D= (29)

In view of expansion (29), distributions f,, fr, and the cor-
responding force momenta M,, M; are also split into the two
addenda: M1, Mgy, and M1, My, correspondingly. The result-
ing force balance, accounting for Eqs. (27) and (28) may be
represented in the form of

—VVP+M; — My + MY — M =M, — M (30)

The left-hand side of the last equation depends only on the
thermodynamic variables, while the right-hand side is propor-
tional to velocity u.

Computation of the integrals My;, My;, Mgl), Mﬁl) consists
in multiple integration and is rather straightforward, apart from
a few details. First, we will split the integration over velocity
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[ d®v into the product of the integral [ v*dv over the absolute
velocity value and the integral f d’n, over a unit vector parallel
to velocity:

/d3v= /vzdv/dznv (31)

Integration over d?Sin M;;, M, may be carried out directly,
without any assumption about the internal surface. This is shown
in the next subsection. For My, M2, an additional assump-
tion about the structure of the internal surface is needed. We
assume that the surface is isotropic and equally accessible to
the molecules, that is, that all the directions of the normal n to
the surface are equiprobable. In this case, by definition of the
specific surface S,

V.
/sz = 4—j/dzn (32)

The unit vector n is normal to the surface and directed into
the porous space. Thus, integrations | d’n,, Ik d’n are carried
out over a unit sphere.

The assumption about equal accessibility of all the internal
points of the surface is rather restrictive. It may be violated in
structured porous media and in porous media with wide pore
size distributions. There may be small or narrow pores where
the particles are entrapped, or tortuous capillaries where they are
entangled. Moreover, the assumption may be violated in cases
of strong interactions between the gas particles in the porous
walls. In the last cases, the particles may be adsorbed on the
walls or form non-uniform adjacent layers [26]. Surface flows
also become important in these cases. Most of the mentioned
phenomena may be incorporated into the model being devel-
oped. However, we do not consider them here, trying to present
as simple model as possible. Possible extensions are subject to
a separate work.

4.3. Integrals M1, M ;1

The goal of this subsection is to show that integrals M, My
are neither dependent on the distribution of the internal surface
(the shapes of the grains), nor on the character of collisions
(kernel B). More particularly, we will show that

1
Mi = —Ma, = 5(1 —Q)VVP, (33)
so that
My — My =CV,VP=(1—-¢)VVP (34)

First, let us exclude the collision kernel B. This kernel enters
M;, through f;1 (see Eqgs. (26) and (28)):

o= / vinlBovi — vin) fo(vi|T) dvi,
vin<0

Application of the principle of microscopic reversibility (23)
and integration over —v; by use of Eq. (24) result in

Soo = 1vn| fo(vIT) = far

From this equation and Eq. (28) it follows that M;; = —M,],
and only one of these integrals must be calculated. We have

My = m / as / v (IvalfovIT)v)
vn<0

Integration over d3v with the help of Eq. (31) and standard
integrals (see Appendix A) results in

1 2 1 2
Mat = —> [ nNKT&S = —— [ Pnd’S

Here integration is carried out over the external surface of
the grains of the porous medium. With the help of the Gauss
theorem, this integral may be transformed to the integral over
the volume of the grains:

1
M, = —E/VPd3Vg

Considering the pressure gradient to be approximately con-
stant over the selected elementary volume and taking into
account that Vy = (1 — ¢)V, we reduce the last equation to the
form (33). Thus, both this equation and Eq. (34) are proven.

The fact that the difference My — My is always the same
is not surprising. Indeed, this difference expresses the pressure
force acting on the grains of the porous medium. Another term
on the left-hand side of Eq. (30), —V'V P, expresses the pressure
force acting on the whole volume containing porous medium +
gas. The rest part of the force, —¢V'V P, acts only on gas. This
explains the appearance of the porosity ¢ on the left-hand sides
of Egs. (7) and (17) (and, later, Eq. (37)).

4.4. Integrals M2, M ;»

Computation of these integrals is straightforward, but cum-
bersome. The answer depends on the structure of the internal
surface and, for M;,, also on the reflection kernel. For
example, for the case of complete accommodation (21) and
isotropic internal surface (32) integral M, assumes the form
of

kT —7/2
My, = —vasz—9/2n—7/2<> / d’n / dv
m vn>0
o
x / dn, / d*n,, / dvl{(nvln)(nvn)(nvlu)vj*v‘*
n, n<0 0
mv2 mv%
Xexp|l—==)exp| —=—= | mv
2kT 2kT

Further integration is carried out by application of the inte-
grals listed in the Appendix A. The results are

4 [2 kTN /2
M = 24/ =VoS| — u,
3Vmw m

V2 kT /?
Mo =—YTys( ) (35)
12 m
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4.5. Contribution of the first approximation

Computation of the integrals arising from the first approxi-
mation is similar to the computation of My>, M. It may be
derived that

4 2 kT "2
Mgl)—Mg‘>:w\/;vsx<m) VT (36)

4.6. Final result

Substitution of Eqgs. (34) and (35) into Eq. (30) results in

4 2 kTN "2
—VVP+ (= @)VVP+ o[ “VSH{ — vT
T

m

4 [2 kT\'? V2 KT\ '/
= -/ —VoS| — u—l——anS — u,
3V m 12 m

or

oVP 4 4 /2sx kT *‘/ZVT 16+7tS kT /2
— JE— J— R [ —— R u
15V ~n m 6271 P m

37)

This is the final expression for the gas transport law in the
dense kinetic regime.

5. Discussion of the results

We have the transport law for gas in a tight porous medium
indifferent regimes, using, subsequently, dimensionality consid-
erations, simple mechanistic considerations, and the gas kinetic
theory. Not surprisingly, the resulting expressions are similar. All
of them may be represented in the common form (10), which
we repeat for convenience:

Sp~ v lu=p (ﬂTVT — lvp)
T P

Coefficient g is constant in all the regimes considered. This
constant, however, is different for the different regimes (Knud-
sen or intermediate, Egs. (7) and (37), correspondingly). For the
case of complete accommodation, it is equal to (24/13)/2/7 ~
1.5 for the Knudsen regime, and 6«/%/(16 + ) ~ 0.8 for the
dense kinetic regime. The fact that for the dense kinetic regime
is lower corresponds to the well-known minimum of the gas per-
meability at intermediate pressures [1]. Our approach seems to
be rather advantageous for description of this minimum, clearly
evaluating its value.

It should be taken into account that constant 8 was calculated
for fully chaotic porous media, where the collisions with all
the points of the internal surface are equally probable, and this
surface is isotropic. For more ordered media this constant may
also depend on the assumed shapes of the grains or capillaries,
although this dependence is not very strong [1].

The value of St behaves less trivially. While it is equal to 1/2
for the Knudsen regime, for the dense regime it is expressed as

follows (cf. Egs. (10) and (37)):
_ 8AS
~ 15427vRN¢

Thus, ft depends on both the thermodynamic parameters
of gas and the porous medium. The value of St may also be
expressed as a function of porosity and dimensionless parameter
Kn = [+S introduced in Section 2. In order to do so, the well-
known kinetic expression for heat conductivity, A = ¥ Nc,vlt,
is used. Here ¢, is gas heat capacity at constant volume, and
Y dimensionless parameter depending on the type of collisions
(close to 1/3). Substitution of the last expression for A results
in

Br

8yyKn Kn c
pr= VYR o
154/ 27¢ ¢ R
Thus, in the dense kinetic regime the value of Bt is propor-
tional to Kn. This results in a rather non-trivial transport law
under constant pressure (not density!) in this regime:

48\

S LA VT 38
Y= a6+ P (38)

As in the Knudsen regime, the gas flows from the cold to
the hot side. However, unlike the Knudsen regime, the trans-
port coefficient in the dense kinetic regime is independent of
the properties of the porous medium (at least for the case where
this porous medium is fully non-structured and isotropic). This
is explained by the fact that Eq. (38) is obtained by equating
two forces: the friction force of the moving gas and the “ther-
mal force” arising from the non-equilibrium gas temperature
distribution. Both forces are proportional to the specific surface,
which, thus, disappears when they are equated. In a different
way, this independence of the parameters of the porous medium
may be illustrated by considering the friction and the thermal
force per one grain of the porous medium and then summing
over all the grains.

Experimental determination of the value of Bt is possible
in a steady-state flow experiment. The steady-state condition is
given by

PT~PT = const 39)

A necessity for experimental determination of Bt (as well as )
arises from the fact that the transition from the Knudsen to the
dense kinetic regime and further to the Darcy regime (where Bt
is traditionally considered to be equal to zero) is not clear. As
discussed in Section 2, all the three regimes correspond to cer-
tain asymptotics where the different parameters tend to zero or
to infinity. Intermediate cases cannot be described in this way.
Generally speaking, neither kinetic derivation can fully describe
transition from the kinetic to the Darcy regime, from the non-
structured molecular to the structured flow. Correct description
of the Darcy regime is obtained by averaging of the ‘Stokes
equations in the porous space (for example, similar to [11]).
Transition between the regimes is achieved by application of the
additivity assumption [1], or, almost equivalently, by an inter-
polation formula [8]. Most of these approaches do not account
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for minimum of permeability caught by our approach. A rigor-
ous theory for transition between the Knudsen and the Darcy
regimes probably requires an innovative approach and is still to
be developed.

6. Conclusion

We have developed a gas kinetic approach to the descrip-
tion of the gas flow in a porous medium in the intermediate
flow regime. The computations based on the gas kinetic the-
ory are confirmed by a simplified derivation, as well as by the
analysis of dimensions. Special attention was paid to the con-
tribution of the thermal gradient to the transport law. It was
proven that this gradient is important to both the Knudsen and
the dense kinetic regimes, although it plays totally different roles
in these regimes. Experiments are needed in order to confirm
or to disprove this statement, and to check the involvement of
the thermal gradient for gas flow in different thermodynamic
conditions.

The developed theory may be generalized onto phoresis of
heavy particles in gas. However, additional developments are
needed in order to do so, and additional thermal effects may be
involved. Another generalization to be considered separately is
the flow of the gas mixtures.

Appendix A. Calculation of the kinetic integrals

In this appendix we list the integrals which are used for com-
putations in Sections 4.3 and 4.4. The integral over the absolute
value of velocity v is carried out with the help of the standard
integrals of the type of [ vP exp(—av?) dv. Integrals over dn,
dn,, dn,; should be taken in a certain order: first, over dny,
then over dn,, and afterwards over dn. In these calculations,
the following integrals are applied (similar to those used in the
Enskog theory of dense gases [18]):

—/ d2n1(n1n)=/ d*n;(nin) = 27;
nn<0 nin>0
27

/ dznl(nln)nl :/ dznl(nln)nl = —n
nn<0 nin>0 3

(These equalities are easy to check by selecting n = (0, 0, 1)).

References

[1] E.A.Mason, A.P. Malinauskas, Gas Transport in Porous Media: The Dusty-
Gas Model: Chemical Engineering Monographs 17, Elsevier, Amsterdam,
1983.

[2] J.A. Wesselingh, R. Krishna, Mass Transfer in Multicomponent Mixtures,
VSSD, Delft, 2006.

[3] J.A. Arrevalo-Villagran, A. Jorge, T. Guttierez-Acosta, N. Martinez-
Romero, Proceedings of the Paper SPE 95117 Presented at the SPE Latin
American and Carribean Conference held in Rio de Janeiro, Brazil, June
20-23, 2005.

[4] E'W. Montroll, B.J. West, in: Fluctuation Phenomena, E.W. Montroll
and J.L. Lebowitz, (eds.), North Holland Publishing Company, 1979, pp.
61-175.

[5] V.N. Burganos, J. Chem. Phys. 109 (16) (1998) 6772-6778.

[6] P. Galiatsatou, N.K. Kanellopoulos, J.H. Petropoulos, J. Membr. Sci. 280
(2006) 634-642.

[7] L. Xiaowei, R. Jean-Charles, Yu Suyuan, Nucl. Eng. Des. 236 (2006)
938-947.

[8] P. Capek, V. Hejtmanek, O. Solcova, Chem. Eng. J. 81 (2001) 281-285.

[9] V. Hejtmanek, P. Capek, O. Solcova, P. Schneider, Chem. Eng. J. 70 (1998)
189-195.

[10] B.V. Deriagin, S.P. Bakanov, Soviet Phys.—Tech. Phys. 2 (1957)
1904-1909.

[11] A.A. Shapiro, E.H. Stenby, Transp. Porous Media 41 (2000) 305-323.

[12] 1. Wold, B. Hafskjold, Int. J. Thermophys. 20 (3) (1999) 847-856.

[13] V.M. Zhdanov, V.I. Roldugin, Colloid J. 64 (1) (2002) 1-24.

[14] PJ.AM. Kerkhof, M.AM. Geboers, Chem. Eng. Sci. 60 (2005)
3129-3167.

[15] W. Kast, C.-R. Hohenthanner, Int. J. Heat Mass Transfer 43 (5) (2000)
807-823.

[16] L.D. Landau, E.M. Lifshits, L.P. Pitaevskij, Course of Theoretical Physics,
vol. 10: Physical Kinetics, Pergamon, London, 1981.

[17] E. Zheng, Adv. Colloid Interf. Sci. (2002) 255-278.

[18] J.O. Hirschfelder, Ch.F. Curtiss, R.B. Bird, Molecular Theory of Gases and
Liquids, John Wiley and Sons, New York, 1954, p. 97.

[19] E.S. Taylor, Dimensional Analysis for Engineers, Oxford University Press,
1974.

[20] R. Krishna, R. Baur, Chem. Eng. J. 97 (2004) 37-45.

[21] A.A. Shapiro, Physica A 375 (2007) 81-96.

[22] A.A. Shapiro, Teoreticheskie Osnovy Khimicheskoi Tekhnologii (Theor.
Found. Chem. Sci.) 27 (2) (1993) 155-164 (in Russian).

[23] C. Cercignani, The Boltzmann Equation and its Applications (Applied
Mathematical Sciences), Kluwer Academic Publishers, Amsterdam, 1987.

[24] FEA.L. Dullien, Porous Media: Fluid Transport and Pore Structure, Aca-
demic Press Inc., U.S., 1980.

[25] A.A. Shapiro, Teoreticheskie Osnovy Khimicheskoi Tekhnologii (Theor.
Found. Chem. Sci.) 27 (6) (1993) 563-571 (in Russian).

[26] G. Galliero, J. Colombani, P.A. Bopp, B. Duguay, J.-P. Caltagirone, F.
Montel, Physica A 361 (2006) 494.

[27] S. Chapman, T.G. Cowling, Mathematical Theory of Non-Uniform Gases,
Cambridge University Press, Cambridge, 1970.



	Gas transport in tight porous media
	Introduction
	Transport law: dimensional analysis
	Simplified derivation
	Knudsen regime
	Dense kinetic regime

	Gas kinetic derivation
	Basic assumptions
	Outline of the derivation
	Integrals Mr1, Ma1
	Integrals Mr2,Ma2
	Contribution of the first approximation
	Final result

	Discussion of the results
	Conclusion
	Calculation of the kinetic integrals
	References


